INTRODUCTION
The motivation for the research upon which this paper is based is to scientifically model the linkages between economic and physical processes. This is necessary to enable us to relate engineering decisions regarding the management of physical assets to financial consequences in terms of return and risk. It is also necessary to understand how financial decisions effect physical asset capacity to perform specific tasks.
Little research to date has investigated the effects of cost uncertainty and its variation in conjunction with the physical operation of fixed assets. The ability to identify sources of uncertainty which require more attention than others and the quantification of the risk in areas of planning, budgeting or life-cycle analyses facilitate better decision-making. In this paper we advocate that the cost variable in engineering models needs to be a random variable to achieve this goal. Observed costs in invoices or transaction's data give us realisations of this random variable.
In accounting, a rational framework which provides such an interpretation of costs is Statistical Activity Cost Analysis (SACA) due to Willett (1987 Willett ( , 1988 Willett ( , 1991 and extended by Gibbins & Willett (1997) and Falta & Wolff (2004) . To date, applications of this framework to aspects of reliability theory, maintenance or life-cycle analysis have been limited (Falta, 2005) .
From the perspective of engineering, physical aspects of assets described by concepts of reliability and maintenance are well-understood (e.g., Kumar, Crocker, Knezevic & El-Haram, 2000) . However, the literature that considers the uncertainty of cost and physical asset properties jointly is more sparse. Most literature in engineering and operations research assumes costs are a directly observable, and in this sense, deterministic attribute of maintenance, production or usage processes. Compare, for example, an optimisation procedure for costs and safety considerations on component systems (Vaurio, 1995) , statistical lifecycle cost analyses (e.g., Jiang, Zhang & Ji, 2003; Monga & Zuo, 2001) , literature that targets specific assets such as water mains (e.g. Engelhardt, Skipworth, Savic, Saul & Walters, 2000), costs, efficiency and environmental implications of gas pipelines (e.g., Bergerson & Lave, 2005) or railway maintenance (e.g., Lamson, Hastings & Willis, 1983 ). In the operations research literature, costs of physical aspects of assets have been investigated, for example, in relation to software reliability (Pham, 2003) , machine replacement decisions (e.g., Dogramaci & Fraiman, 2004) , policy-making for replacement or standby decisions (e.g., Hsieh, 2005) .
Common to the above literature is the lack of a simple generic model that relates physical characteristics to the uncertainty and variation of corresponding costs that result from dependencies in the physical and financial dimensions of process. Using the principal representation theorem of SACA, which explicitly superimposes the financial structure of business processes on the input-output relationships of activities in the physical structure, costs can be modelled as random sums of random variables. This lays the basis for a comprehensive analysis of the financial risk involved in engineering processes.
In Section 2 of this paper we employ some fundamental concepts of the SACA framework, based on ideas given in Vaurio (1995) , in a system of four components that are in a series constellation. Our focus in this section lies with the demonstration of these theoretical concepts by means of the SACA Concept Demonstrator. We conclude in Section 3 with some brief final remarks.
THE SACA CONCEPT DEMONSTRATOR
We have developed an illustrative software tool called the SACA Concept Demonstrator in order to better visualise the capabilities of the SACA approach to relate costs to engineering asset capability 3 . Let, for example, an asset have four components functioning in series with their failure characteristics described by exponential time-to-failure distributions with For this simple hierarchical system, the SACA Concept Demonstrator is applied to two scenarios in the first of which we minimise the maintenance costs given an a priori minimum reliability level. In the second scenario we maximise the reliability of the system, given a budget.
Scenario 1: Cost Minimisation with Set System Reliability R min
Assume that maintenance operations on a component i may be carried out at any time and at any frequency f i . Then the total cost of maintaining the system over a single interval s is
We achieve minimum costs C s , considering for the system reliability R s t R min , by optimising f i in expression (2.1). Using the method of Lagrange multipliers and after some calculus (cf. Appendix A) yields an explicit expression for f i in terms of O i ,
In Table 1 , we have displayed the results from a simulation study with R min =0.97. The overall minimum cost is C s =$2187.28 (sum of column (6)). Using Microsoft Excel's Solver function for the same optimisation problem yields for C s =$3606, 39% higher than the cost calculated by the present method. (1) Component Results from simulation for a four component system in series for given maintenance costs C i , parameters O i and minimum system reliability R min =0.95. Results from using expression (2.2) yield maintenance frequencies f i , the number of maintenance operations per interval and respective total maintenance costs per component, and the (minimum) component reliabilities.
In the SACA Concept Demonstrator, the expected maintenance cost and its variance, assuming the Normal as the underlying distribution, for each component can be altered and so can the MTTF parameters, assuming exponential reliability functions. In practical applications, both cost parameters can be either estimated from observed data in form of invoices or transaction statements or fitted by theoretical distribution functions. A starting value for the MTTF parameters is usually provided by the manufacturer which, if feasible, can be later adjusted by the operator. and maintaining constant expected costs for all components might change f 1 , the number of maintenance operations for component 1. Compare Table 2 , rows 2 to 4 for this example. Similarly, because the expected maintenance cost C i of one component is negatively correlated with the expected costs of all other components for constant MTTFs, increasing C 3 , for example, may increase f i , i=1,2,4, with respect to the other components while decreasing f 3 , the number of maintenance operations performed on the component itself. Compare Table 2 , rows 5 to 7 for this example.
Scenario 2: Reliability Maximisation with a Set Budget
In the second scenario, we use the same four component system as above, however, with a given fixed budget B. It is now of interest as to how one should allocate the maintenance frequencies in order to derive the highest possible reliability.
and we derive the optimal maintenance frequencies according to
Details of the derivation of expression (2.4) are given in Appendix B.
In Table 3 , some results from simulation are displayed for a budget of $1500. The maintenance frequencies that give the budget at maximum reliability are derived in the first column of the table. Note that the product of all component reliabilities has decreased to 0.9565.
The SACA Concept Demonstrator Displays

2.3.1
Reliability vs. Cost From the above calculations, it is straightforward to plot a curve for the total cost C s at any level of reliability. This curve is the dark, continuous line displayed in Figure 1 . The impact of an increase in expected maintenance costs for single components increases with increased reliability, as would be expected (cf. left and right panel in Figure 1 ). In the left panel, the expected maintenance cost for components 1 to 4 are $15, $20, $12 and $39, and in the right panel, $26, $20, $19 and $39, respectively. The scatter around the reliability versus cost curve derives from the variation in maintenance costs, a parameter that can be varied. In Figure 1 , the cost over and underruns are displayed by single dots at each reliability level for a given set of variances of maintenance costs. Notice that the increase in spread in the right plot of the figure, which is due to an increase from $6 to $12 of the variance of maintenance costs of component 1, is rather sensitive. All other parameters remained constant.
In practice, it is usual that the quality of estimates for maintenance and repair costs varies, for some are robust and others more vague. Therefore, visualisation and quantification of the likely cost overruns will be of utmost importance for the decision-maker.
Risk Attribution
The functionality for risk attribution is displayed on the top panel of Figure 2 . The pie charts display the percentage contribution of single components to achieve the stated budget at a confidence level of 95% and given reliability.
Top panel: the calculated budget is based on the optimal number of maintenance operations for a given set of simulation parameters. The pie charts display the source of cost uncertainty from each component in order to achieve that budget at a 95% confidence level for a given level of reliability. An increase in the cost variability of component 1 from $6 to $12 increases the necessary budget to guarantee the given reliability at the 0.95 level.
Bottom panel: quarterly upper 95% limits corresponding to the pie charts in the same column above. Numbers that add up to the total number of optimal maintenance operations for each component have been assigned to each quarter according to the simple rule described in the text.
Figure 2 Printed screens from the SACA Concept Demonstrator
Thus, the decision-maker is able to assess the source of risk and quantify it. The parameter settings for the left pie chart are, for components 1 to 4, expected maintenance costs of $15, $20, $12 and $30; variances of $6, $15, $8, and $10; MTTF parameters of 8, 21, 12, and 44 months; and calculated numbers of maintenance operations of 7, 4, 7 and 2, respectively. The difference in the pie charts results from an increase ($6 to $12) of the variance of maintenance costs of component 1. The increase in variability of this component has not changed the optimal number of maintenance operations. However, the impact on numbers in the pie chart is significant: to guarantee, at a 95% level of confidence, that reliability remains above 0.95, a budget of $365.07 has to be invested as opposed to $323.88, as displayed in the left top panel. For this 12.72% increase in the budget necessary to maintain the reliability of the system, all the additional resources are consumed by component 1 ($290.09 instead of $200.83) and is accompanied by an increase in uncertainty from 28.61% to 36.67%. The costs of components other than component 1 remain constant with their percentage uncertainty decreasing.
Quarterly Budgets
In the bottom panel of Figure 2 , the quarterly upper 95% confidence limits are displayed (dark bars on the right of the light bars) for identical parameter settings as shown in the pie charts. The four graphs on the left bottom panels correspond to the pie chart in the top left panel. The same pattern applies to the right side of the figure. Note the different scaling of the abscissae. The varying numbers for the quarterly risk thresholds result from assigning the given numbers of optimal maintenance operations N i , i=1,..,4, as follows: the numbers N i are distributed across the interval (year) at equidistant durations.
This display holds two different pieces of information for the decision-maker. Firstly, for every single period the risk of cost overruns is displayed. In organisations where budget allocations across divisions or projects are a matter of reality, the funds receiving party is able to demonstrate, on a rational basis, the adequateness of any amount allocated. Secondly, the series of amounts at the confidence limit sheds light into the time series of maintenance costs. Actual maintenance costs correct the estimates for passed time intervals and update the estimates for future time intervals. The latter point, including to account for other time intervals than quarterly periods, leads to the world of time series and financial option analysis, which we leave for future research.
Comments on the SACA Concept Demonstrator
We have demonstrated how the SACA framework can be applied to the financial assessment of a physical system and, in particular, how the cost variations can be expressed by statistical distributions. We have furthermore demonstrated how the results can be used by the decision-maker for maintenance scheduling and budget planning.
The underlying model can be extended in various directions. Below we have listed and elaborated on some of these.
1. The assumption that maintenance may be carried out at any time and at any frequency is a limitation when considering practical applications. Usually there are scheduled maintenance windows or maintenance opportunities at discrete time intervals of set durations. It is a matter of choice whether these constraints should drive the simulation, or whether the results of such simulations should be used to modify the time and frequency of operations.
2. Greater detail in the analysis of the cost-reliability relationship can be achieved by allowing for the general k-out-of-n parallel and series systems. Our choice to consider exponential time-to-failure distributions is based on the following. The illustrative 4-component model can be viewed as a reduced representation of a more complex reliability block diagram. It is usually the case that the larger the number of components and actors in an entity the larger the number of failure modes, and as a consequence the more random and unpredictable the times of failure. The exponential timeto-failure distribution models this type of situation because it implies a Poisson distribution for the number of failures during equal time intervals. For empirical evidence we refer to, for example, Davis (1952) who concluded that "the exponential theory of failure appears to describe most of the systems examined [in the article]". Any other time-tofailure distribution such as the Weibull distribution, a popular choice among engineering practitioners, may be chosen if it is appropriate to do so. A further remark on this topic is given in Point 5.
3. The lower bound used on reliability levels in the model assumes that all components are functioning at their lowest reliability, even if a maintenance operation has just been performed. A time-dependent reliability function can describe a more refined physical description of the system.
4. The resulting cost vs. reliability curve displayed in Figure 1 is continuous and represents the expected costs. This curve can be seen as the effective frontier, a concept used in portfolio analyses, as arbitrarily higher amounts of dollar may be spent on the maintenance of a component without improving the total system reliability, at any level. This optimisation problem is being currently investigated employing a genetic algorithm and is in preparation to accompany the current paper.
5. For other distributions that describe the component reliability, particularly those with more complex forms such as those with a bath-tub shape, numerical simulations might be the first choice for parameter estimates.
FINAL REMARKS
We have used a simple four component system in order to demonstrate new concepts in the field of accountancy. Invoices of maintenance operations are modelled using statistical distributions, which describe the uncertainty of varying costs incurred by businesses. For some of the components expected costs can be determined quite accurately from prior experience, others have to be estimated from observed data. The variation resulting from the former suppositions and latter estimates contributes to the overall risk of budget overruns. With the SACA Concept Demonstrator, a simple module with a graphical user interface, implements the methods described in the paper. In doing this and in further developments, we intend to bridge the fields of accountancy (finance), reliability theory (physical) and maintenance (policy) to improve fixed asset management.
Of the limitations in the model, of most immediate concern to us are the need to extend the physical model to k-out-of-n parallel redundant systems and to use observed data, which necessitates the use of reliability distributions that describe actual component behaviour. This paper illustrates the applicability of the SACA framework to an assessment of the return and risk linkages between decisions regarding physical asset properties and financial outcomes, and between financial decisions and physical outcomes. The framework can be applied to any asset and typically requires information to be extracted from both accounting and physical asset management systems. At the present time this approach to modelling is being applied to assets of the Royal Australian Navy as part of the Logistics Cost of Ownership initiative of the Australian DMO (Defence Materiel Organisation). It is also being applied in the Australian food processing and utilities industry. 
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